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Abstract 
Black phosphorus has been the subject of growing interest due to its unique band structure that is 
both layer dependent and anisotropic. While many have studied the linear optical response of 
black phosphorus, the nonlinear response has remained relatively unexplored. Here we report on 
the observation of third-harmonic generation in black phosphorus using an ultrafast near-IR laser 
and measure χ(3) experimentally for the first time. It was found that the third-harmonic emission 
is highly anisotropic, dependent on the incident polarization, and varies strongly with the number 
of layers present due to signal depletion and phase-matching conditions. 
 
  
Black phosphorus (BP) recently emerged as a new two dimensional material with highly 
unique optical and electrical properties, including high carrier mobility,1,2 optical and electrical 
anisotropy,3–5 and importantly, a tunable, direct bandgap.6–9 Particularly, for thicknesses greater 
than a few nanometers, BP’s bandgap bridges the technically important mid-infrared (mid-IR) 
spectral range that is not currently covered by other two-dimensional semiconductors.4 These 
attributes of BP make it very promising for optoelectronic devices that cover a broad spectral 
range from near- to mid-IR for both communication and optical sensing.10,11 
In addition to linear optical properties, the quantum confinement in 2D materials also 
leads to many novel nonlinear optical properties. For example, MoS2,
12–14 WSe2,
15,16 and hBN,13 
all with non-centrosymmetric lattice structures, have shown strong second-order nonlinear 
optical effects, such as second-harmonic generation (SHG). SHG in these materials has shown 
strong enhancement at the exciton resonances,15 can be electrically tuned by a local back gate,16 
and has been utilized for optically probing the crystal orientation12 and thickness.13,14 
Additionally, third-order optical nonlinearity such as third-harmonic generation (THG) 
has been observed to be strong in graphene,17,18 as well as in MoS2 thin films.
19 In terms of 
nonlinear optics in BP, its centrosymmetric crystalline structure only permits third-order 
nonlinearity but its strong anisotropy and layer dependent band structure should lead to very 
intriguing nonlinear optical effects. Research to date, however, has been primarily limited to the 
saturable absorption effect in BP, studied with z-scan20,21 and ultrafast pump-probe22 techniques 
for liquid exfoliated BP suspensions and utilized for application in mode-locked lasers.23–27 The 
intrinsic optical nonlinearity of crystalline BP has not been experimentally investigated.  
In this paper, we investigate BP’s optical nonlinearity by measuring both the polarization 
and thickness dependence of THG in multilayer BP samples. We find that the THG in BP is 
strong and highly dependent on both the polarization of the incident light and the number of 
layers under investigation. From the measurement, BP’s third-order nonlinear susceptibility is 
determined.  
 
Results and Discussion: 
Fig. 1a shows a typical BP flake used in this paper with the crystal orientation denoted in 
the lower right-hand side (x- and y-axis indicate the armchair and zigzag directions, 
respectively). The image shown in Fig. 1b shows the THG emission captured by the CCD 
camera during a measurement. Fig. 1c shows a typical spectrum of the third harmonic measured 
with a visible spectrometer (Ocean Optics USB4000-UV-VIS). As expected, the peak response 
of the THG signal (519 nm) is exactly one third of the fundamental wavelength of the pump laser 
(1557 nm). Further confirmation of THG can be seen in Fig. 1d, which plots the pump power 
dependence of the THG power with a power law fit to the experimental data. 
 
 Figure 1: Third harmonic generation (THG) in multilayer BP. (a) Optical image of black 
phosphorus flake with multiple layers visible (scale bar 25 µm). Crystal orientation indicated in 
lower right. (b) Third harmonic emission (bright spot) from the flake in (a) measured by a CCD 
camera (scale bar 20 µm). (c) Measured spectrum of THG emission with a peak wavelength at 
519 nm, which is three times the frequency of the fundamental excitation. (d) The power 
dependence of THG from BP is plotted with a power law fit to the data. 
Since the linear optical response of BP shows strong anisotropy with the incident light’s 
polarization,3,28,29 it can be expected that the nonlinear response would show similar anisotropy. 
The blue triangles in Fig. 2a show the angular dependence of the THG emission as a function of 
incident polarization relative to the x-axis (armchair direction) of the crystal. The minimum in 
the THG corresponds to an incident polarization aligned along the y-axis (zigzag direction) of 
the crystal. This was verified by photocurrent measurements on other BP flakes with a similar 
thickness. The polarization angle that minimized the photocurrent (as seen in Yuan et al.30) also 
minimized the emitted THG power. To extract the polarization dependence of the THG 
emission, an analyzer was placed in front of the APD and fixed at either 0 or 90 degrees while a 
near-IR, half-wave plate was rotated in 5-degree steps to change the linear polarization of the 
pump laser. The black and red data points in Fig. 2a and b correspond to the measured intensity 
of the x and y polarized light, respectively. 
 
Figure 2: Anisotropic THG in BP. (a) Dependence of THG on the incident polarization. Zero 
degrees corresponds to the x-axis (armchair direction) of the BP crystal. (b) Same data as in (a) 
with theoretical fits to the intensity polarized in the x (black squares) and y (red dots) directions. 
Blue triangles correspond to the total intensity. (c) Calculated THG current induced in BP. 
BP has an orthorhombic crystal structure and is in the space group Cmca.31 Knowing this, 
we can write the contracted third-order nonlinear susceptibility tensor for an orthorhombic 
crystal exhibiting THG as follows:32 
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where the first subscript “1, 2, 3” refer to “x, y, z” respectively and the second subscript signifies 
the following: 
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Since we are only exciting in the x-y plane in our configuration, we can set all components that 
contain a z term to zero. We are left with only four non-zero matrix elements  11 22 18 29, , ,    , 
which determine the THG in BP. Because the third-harmonic electric field is proportional to the 
nonlinear susceptibility and we can write the THG output intensity as follows: 
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where 𝜃 is the polarization angle relative to the x-axis of the crystal. The solid lines in Fig. 2b are 
fits to the measured intensity in the x and y directions using the relationships in Equation 2. One 
can see good agreement with the overall fit, excluding some asymmetry in the |Ey|
2 data. This 
asymmetry is likely caused by some residual polarization-dependence in the transmission of the 
dichroic mirror that we were not able to account for during the measurement. 
In order to confirm our interpretation, we calculated the density, (3)(3 )j , of the 
nonlinear electric current induced in BP at the frequency of third harmonic by the pump field, 
 p 01 2 . .
i tE E e c c  . We studied dynamics of the electron subsystem by solving the Liouville 
equation for a single-electron density operator,  ,ti H   , where H=H0+Hint+Hrel is a single 
particle Hamiltonian,  H0 is a Hamiltonian of the unperturbed electron system, Hint describes the 
interaction between an electron and the pump, and Hrel is the relaxation term (see supporting 
information and Keller et al.33 and Nemilentsau et al.34 for details). We solved the Liouville 
equation in the third order of perturbation theory, 
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accounts for the self-action effects. The density of the nonlinear current is calculated as 
(3) (3;3 )(3 ) Tr     j J , where J is the current density operator.  
In order to keep the calculations tractable, we consider the case of monolayer BP. In this 
case, the low energy Hamiltonian is available29 (see also Supporting Information). The 
simulation results presented in Fig. 2c considers the situation where the pump field is at 0.5 eV, 
such that the three photon processes are in resonance with the monolayer gap of 1.5 eV. As one 
can see, the numerical results are in good qualitative agreement with experimental data. The 
values of induced current are maximum when pump field is polarized along x-direction, and 
minimum when polarization is along y direction. The strong anisotropy is direct consequence of 
the band parameters anisotropy, with the effective mass 𝑚𝑥𝑥
∗  component being considerably 
smaller than 𝑚𝑦𝑦
∗ . Although the experimental conditions (i.e. frequency and layer numbers) 
differs from our calculation, we expect similar angular dependence of the induced current at 
higher frequencies as well, since strong anisotropy of the energy bands imparted by the 
symmetry of the BP crystalline lattice is also expected far from the band edge.35 
To further characterize the nature of THG in BP, we recorded the power of the THG 
signal as a function of position by scanning the sample in an x-y grid of 500 nm increments. This 
allowed us to create a two-dimensional map of the THG power as can be seen in Fig. 3b. We 
also used atomic force microscopy (AFM) to measure the topography of the various layers 
present in the same region (Fig. 3a). A few wrinkles can be seen in the AFM image that are due 
to the PDMS transfer process. Interestingly, the two larger wrinkles at the top of the flake can 
also be seen in the THG map of Fig. 3b. Modulation in the optical properties of wrinkled BP has 
recently been studied where the strain due to wrinkles strongly modifies the band structure and 
therefore the optical properties of BP.36
 
Figure 3: Mapping of THG signal. (a) Atomic force microscopy (AFM) image of a flake of BP 
containing many layers of various thicknesses. (b) Position dependent THG signal measured by 
scanning the position of the beam relative to the sample. Different thicknesses can be resolved 
via contrast in the THG signal. (c) Profiles of both the height and THG power extracted from the 
white cut-lines shown in (a) and (b). THG can show higher contrast than AFM for flake 
thicknesses less than 15 nm.  
Fig. 3c shows the cut-lines for both the topography and THG images denoted by the 
white lines in Fig. 3a and b. One can see that the THG varies significantly as a function of 
position, but is relatively constant for a fixed flake thickness. Additionally, for thicknesses less 
than 15 nm, there is much higher contrast between various thicknesses in the THG image 
compared to the AFM image. We attribute this significant change in the THG power to be 
largely due to depletion of the THG signal and phase mismatch between the fundamental and 
THG. 
 By measuring the average THG power at different positions from Fig. 3b and relating it 
to the height from AFM data in Fig. 3a, the THG power as a function of thickness can be 
extracted. Fig. 4a plots the average THG power verses BP thickness from multiple samples. This 
thickness dependence can be primarily understood by two competing mechanisms. The first is a 
quadratic increase in the THG signal that is proportional to the square of the number of layers. 
This assumption is justified for our flakes in the range of 6 to 15 nm where the thickness is less 
than the coherence length37,38 (backward propagating wave: 𝐿𝑐𝑜ℎ = 𝜆 6(𝑛𝜔 + 𝑛3𝜔)⁄ ≈ 40 nm 
and forward propagating wave: 𝐿𝑐𝑜ℎ = 𝜆 6(𝑛𝜔 − 𝑛3𝜔)⁄ ≈ 870 nm). As the thickness increases, 
however, the strong absorption of BP at visible wavelengths contributes to significant depletion 
of the THG signal as it propagates up through the flake. This can be observed in the exponential 
decay of the signal at thicknesses greater than 15 nm. Fitting the experimental data with an 
exponential decay, we estimate the extinction coefficient (the imaginary part of the refractive 
index) to be 𝜅 ≈ 2.5. This value is a factor of 2 larger than the value reported by Mao et al. for 
BP in the visible regime.39 In order to fully account for the depletion of the THG and interference 
effects of both the fundamental and third-harmonic signal, we performed FDTD simulations 
using Lumerical Solutions. The excitation source used in the simulation has the same pulse 
energy and bandwidth as the ultrafast laser used in our experiments. The simulation results are 
compared with our experimental measurements in Fig. 4a, showing a good agreement. However, 
at small BP thicknesses (< 10 nm), the simulation shows the same trend as the experiment, but 
the absolute values deviate as the flake thickness decreases. One possible explanation is that the 
exfoliation, transfer, and Al2O3 growth negatively affect the first few layers which accounts for a 
larger fraction of the total flake for thinner flakes, thus reducing the THG yield. Further studies 
using fabrication in a more inert environment and van der Waals passivation to preserve the 
pristine conditions of BP could shed light on this discrepancy. 
 
Figure 4: THG dependence on BP thickness. (a) THG average power plotted verses thickness 
(symbols). Data was extracted from the AFM and THG map of four BP flakes. The solid black 
line corresponds to full FDTD simulation where (3)  was assumed to be constant and the 
thickness of the BP layer was varied on a 300 nm SiO2/Si substrate. The solid red line 
corresponds to the analytical solution which includes absorption of the THG signal which is 
derived in the supporting information. (b) Analytical model of THG in BP showing the 
contributions of optical absorption, phase mismatch, and reflection of THG from substrate. 
 
In order to intuitively understand the general trend in Fig. 4a, we plot the thickness 
dependent portion of the analytical solution for THG by solving nonlinear Maxwell’s equations 
(see section 2 of Supporting Information): 
𝐼3𝜔(𝑑) = 𝐴(𝜔)|𝜒
(3)|
2
𝐼𝜔
3 (
𝑒−2𝛼𝑑 − 2 cos(Δ𝑘𝑑) 𝑒−𝛼𝑑 + 1
𝛼2 + Δ𝑘2
) 𝑒−2𝛼𝑑 
where 𝑑 is the thickness of the BP flake, 𝛼 is the absorption coefficient of the THG signal, and 
𝐴(𝜔) is a scaling factor which includes physical constants and the refractive indices at 𝜔 and 
3𝜔. The results of this analytical model can be seen in Fig. 4b where we compare the various 
effects that optical absorption, phase mismatch, and reflection from substrate have on the general 
shape of the curve. We note that although this analytical solution does not consider the 
absorption and interference of the fundamental pump, simply taking into account the phase 
mismatch and the absorption of the third-harmonic is enough to describe the general trend we 
observe in the data. The full FDTD simulations we performed in Fig. 4a account for these 
secondary effects. 
 It is possible to extract the magnitude of χ(3) at the peak response (14.5 nm thick) using 
the result for a thin bulk sample with loss that we derive in the Supporting Information. Taking 
into account the average power, repetition rate, and spot size of the ultrafast laser (30 mW, 35 
MHz, and 5.7 µm diameter at FWHM) and the refractive index of BP29,39 (𝑛𝜔 ≈ 3.2 +
0.2𝑖, 𝑛3𝜔 ≈ 3.5 + 2.5𝑖), we estimate the magnitude of χ
(3) to be (1.4 ± 0.1) × 10−19 m2/V2.  
Table 1 compares our results to the experimentally measured values of χ(3) in other 2D 
materials reported in the literature. Something directly evident from Table 1 is the wide range of 
reported results for χ(3) in graphene. This also influences the estimated χ(3) for other materials 
where the authors directly compare the magnitude of THG in MoS2 and GaSe with a graphene  
Table 1. List of χ(3) values of various 2D materials reported in the literature 
Material 
Number of 
Layers 
χ(3) (m2/V2) 
Fundamental 
Wavelength (nm) 
Reference 
BP 29 1.4 × 10−19 1557 this work 
MoS2 1 2.9 × 10−19 1560 [40] 
MoS2 >7 ~10−19 1758 [19] 
MoS2 1 to 7 3.9 × 10−15 1560 [41] 
GaSe 9 to 14 1.7 × 10−16 1560 [38] 
Graphene 1 ~10−16 1720 [17] 
Graphene 1 4 × 10−15 1550 [42] 
Graphene 1 1.5 × 10−19 1560 [40] 
Graphene 1 and 2 ~10−19 789 [18] 
 
flake on the same substrate and scale χ(3) accordingly. One explanation is the effect the substrate 
has on the magnitude of the THG signal observed.43 Constructive interference of the fundamental 
pump due to reflections from the substrate can lead to significant enhancements in the power at 
the graphene layer and lead to overestimates of χ(3) since the THG signal is proportional to 𝐼1
3. In 
our FDTD simulations, we found that using 𝜒(3) = 10−19 m2/V2 gave a very comparable THG 
power for the same pulse energy and bandwidth that we used in our experiments so we believe 
our estimate of 𝜒(3) ~ 1.4 × 10−19 m2/V2 from the analytical model to be quite close to the 
actual value. Another explanation, as pointed out in Woodward et al.,40 is a likely miscalculation 
in the original estimation of graphene’s χ(3) by Hendry et al.,44 which leads to a corrected value 
of 𝜒(3) ~ 10−19 m2/V2.45 
Our estimate of χ(3) is typical for other bulk materials that exhibit a strong third-order 
optical response37 but an order of magnitude lower than our theoretical prediction of χ(3) at the 
band edge (see Supporting Information). It is indeed rather intriguing that the magnitude of χ(3)  
in BP is comparable to other 2D materials when the excitation energy used is so far above the 
bandgap of BP. While our initial results are promising, it will be extremely interesting in future 
works to characterize χ(3) near the band edge in BP of different thicknesses, which will require a 
pump photon energy in the mid-IR regime that is not available in our measurement system. 
 
Conclusions: 
In conclusion, we have observed THG in BP thin films using an ultrafast near-IR laser. 
The third-order response was found to be highly anisotropic with incident polarization. 
Additionally, we found that the THG was strongly dependent on thickness due to absorption of 
the third-harmonic signal by BP in addition to interference effects introduced by the substrate.  
Our study shows that multilayer BP’s strong nonlinear and anisotropic optical response could be 
useful for nonlinear applications. Particularly, at the band edge of BP, that is for mid-infrared 
band light, BP’s nonlinearity is expected to be very strong and therefore promising for 
application in mid-infrared nonlinear optics. 
 
Note: During the review process we became aware of another work that studied the third-
harmonic response of laser thinned flakes of BP.46 
  
Methods: 
 
To prepare our samples, we used Scotch tape to exfoliate single-crystal BP onto glass 
slides covered with polydimethylsiloxane (PDMS). Once on the PDMS, suitable BP flakes with 
multiple layers were identified under an optical microscope and transferred onto silicon 
substrates coated with 300 nm of thermally grown SiO2. After transferring the BP, the substrates 
were immediately placed in an atomic layer deposition (ALD) chamber and coated with 20 nm 
Al2O3 grown at 180 C for passivation to prevent oxidation of the material.  
A femtosecond, near-IR fiber laser with a spectrum centered at 1557 nm (photon energy 
~0.8 eV) and repetition rate of 35 MHz was used as the pump (200 fs pulse width and 4.4 kW 
peak power) to probe the THG response of our samples. Light from the laser was focused onto 
the sample via a near-IR 20 objective (Mitutoyo MPlan NIR, 0.4 NA). A short-pass dichroic 
filter was used to reflect the fundamental frequency toward the sample, while passing the third 
harmonic. The filtered light was focused onto either a CCD camera, spectrometer, or avalanche 
photodetector (APD) depending on the measurement. 
 
Supporting Information: 
The Supporting Information is available free of charge on the ACS Publications website at DOI: 
XXX 
 Theory of modeling third-harmonic generation; THG-depletion model of THG verses 
thickness; THG maps and optical images of additional samples used to create Figure 4; 
Third-order autocorrelation measurement 
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